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Abstract 
Fletcher, P. and W. Hunsaker, Completeness using pairs of filters, Topology and its Applications 
44 (1992) 149-155. 
This paper considers three kinds of completeness: D-completeness, strong D-completeness, and 
pair completeness. Although these three concepts can be defined for arbitrary quasi-uniform 
spaces, their relationships are particularly important in the class of uniformly regular quasi-uniform 
spaces, a class of spaces which includes all quiet spaces. 
We show that in a uniformly regular space D-completeness implies pair completeness; and, 
although pair completeness does not imply D-completeness even in the class of quiet spaces, we 
show that every equinormal regular pair complete space is D-complete. As the terminology 
suggests, every strongly D-complete space is D-complete. We show that a uniformly regular space 
is strongly D-complete if and only if it is D-complete and point symmetric. D-completeness and 
strong D-completeness also coincide in the class of locally symmetric spaces, but we give an 
example to show that D-completeness and pair completeness do not coincide in this class. It 
follows from our results that the three concepts of completeness agree in a uniform space or in 
any equinormal uniformly regular space. 
Keywords: Quasi-uniform space, uniformly regular, quiet, pair complete, D-complete, strongly 
D-complete, point symmetric, equinormal. 
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1. Introduction 
Let (X, %) be a quasi-uniform space and let (3, 3) be an ordered pair of filters 
on X. It is natural to define (9, 9) to be a Cuuchy pair ofjlters provided that for 
each U E Q there are FE 9 and GE 33 such that F x G s U. Following Doitchinov 
[2] we write (3, 3) + 0 whenever (9, 3) is a Cauchy pair of filters. We consider 
three notions of completeness that are founded upon the notion of Cauchy pairs 
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of filters. The space (X, 021) is D-complete provided that if (9, 9) + 0, then 9 
converges, and the space is strongly D-complete provided that 9 has a cluster point 
whenever (5, 9) + 0. The third type of completeness that we discuss uses pairs of 
filters (9, 9) for which 9 u 99 is a filter base. Such pairs of filters are called Cauchy 
pair jilters. The space (X, 021) is pair complete provided that whenever (9, 3) is a 
Cauchy pair filter there is a point p such that 54 converges to p in 5(Q) and 9 
converges to p in T(“u-‘). 
The concept of pair completeness was defined by Lindgren [IO, 71 who showed 
that (X, a) is pair complete if and only if the coarsest uniformity containing 021, 
%*, is complete. Subsequently, Doitchinov introduced D-completeness and a class 
of quasi-uniform spaces, which he called quiet spaces. In [2,4] he showed that 
every quiet quasi-uniform space can be embedded as a dense subspace of a D- 
complete quiet space and observed that every uniform space is quiet. The definition 
of strong D-completeness is motivated by the work of Kopperman who showed that 
every strongly D-complete space is D-complete [8, Theorem 31. 
In this paper we give examples to show that the three concepts of completeness 
discussed above are in general different. We prove that every strongly D-complete 
quasi-uniform space is point symmetric, and that every locally symmetric D-complete 
quasi-uniform space is strongly D-complete. D-completeness and pair completeness 
are related by the following result: Every D-complete uniformly regular quasi- 
uniform space is pair complete and every pair complete uniformly regular equinormal 
quasi-uniform space is D-complete. It follows from these results that the three 
concepts of completeness coincide both in the class of uniform spaces and in the 
class of equinormal uniformly regular quasi-uniform spaces. 
Herein, all topological spaces are presumed to be Tr -spaces. For further informa- 
tion on quasi-uniform spaces the reader is referred to [6]. Throughout, we use the 
terminology and notation of this text except that we use the term pair complete 
instead of bicomplete. We also make use of the observation that every convergence 
complete quasi-uniform space is D-complete. 
2. Pair completeness 
The definition of D-completeness does not require that the Cauchy pair filter 
(5, 9) have the property that every member of 9 meets every member of 9. The 
condition of quietness compensates for this shortcoming as is illustrated in Proposi- 
tion 2.2. 
Definition [2]. A quasi-uniform space (X, “u) is quiet provided that for each U E 021 
there is a VE Ou such that if (9, 9) is a Cauchy pair of filters and x and y are points 
of X such that V(x) E 9 and V-‘(y)~ 9, then (x, y) E U. If V satisfies the above 
condition, we say that V is quiet for U. 
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It is known that every quiet space is regular [2]; in fact if V is quiet for U, then 
for every x E X, V(x) G U(x). 
Definition [ 11. A quasi-uniform space (X, 021) is uniformly regular provided that for 
each U E % there is a V in % such that for each x E X, V(x) c U(x). 
The following lemma extends the result of [2, Theorem 51 to the class of uniformly 
regular spaces. 
Lemma 2.1. Let (X, 021) be a D-complete uniformly regular quasi-uniform space. Then 
(X, “u -‘) is D-complete. 
Proof. Let (9, 9) be a Cauchy pair of filters in (X, 021-i). Since (9, 9) + 0 in (X, %), 
9 converges to a point x in .Y( “u). We show that % converges to x in F( V’). Let 
I_-’ E “11-l. By the lemma to Theorem 2.1 in [5] there exist G E 9 and FE 9 such 
that G x Fc_ U. Since x E F, G X{X)C_ U and so Gc_ U-‘(x). q 
Proposition 2.2. Every uniformly regular D-complete quasi-uniform space is pair 
complete. 
Proof. Let (X, “u) be a uniformly regular D-complete space. By [lo, Proposition 
111 it suffices to show that %* is a complete uniformity. Let 9 be a 021*-Cauchy 
filter. It is to be proved that 9 converges in 9(%*). It is obvious that (9, 9) + 0 
in (X, “u*) and hence also in (X, 011) as well as in (X, 3-l). By hypothesis there 
exists x E X such that 9 converges to x in Y(Q). By Lemma 2.1 (X, “u-‘) is also 
D-complete and so there exists y E X such that 9 converges to y in Y(%21’). It 
suffices to show that x = y, that is, that (x, y) E n %. Let WE % and choose WI E % 
such that WY E W. Since W,(x) and W,‘(y) both belong to 9, there is a t E W,(x) n 
WY’(y). It follows that (x, y) E WTc W. 0 
The following example shows that the converse of Proposition 2.2 does not hold 
even in the class of quiet spaces. This example makes use of the simple observation 
that quietness is a hereditary property. 
Example 2.3. A pair-complete quiet quasi-uniform space that is not D-complete. Let 
X be the subset of the Sorgenfrey line consisting of all nonzero real numbers. The 
quasi-uniformity 021 on X is given by the natural quasi-metric [3]. Doitchinov has 
observed that (X, 021) is quiet [2, p. 61, and since a* is the discrete uniformity (X, a) 
is pair complete. 
To see that (X, u21) is not D-complete, let 9 be the filter generated by ((0, a): a > 0} 
and 9 be the filter generated by {(b, 0): b < O}. Then (9, 9) + 0, but 9 does not 
converge. 
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Definition [ 111. A quasi-uniform space (X, 3) is equinormal provided that if G is 
an open set and F is a closed set contained in G, then there is U E % such that 
U(F)c G. 
Proposition 2.4. Every equinormal uniformly regularpair complete space is D-complete. 
Proof. Let (X, %) be an equinormal uniformly regular space that is pair complete. 
Let (9, 9) be a Cauchy pair of filters. We first show that (.F%, 59) + 0, where 9 is the 
filter generated by {F: FE S}. Let U E 021 and choose V E 011 such that V2 s U. There 
exist FE .F and G E 9 such that F x G G K Note that G s V(p) for every p E F. Let 
(x,y)~FxG and let PE V(x)nF. Then y~Gc V(p)s V’(x)& U(x); hence 
(x, y) E U. Therefore (9, 9) + 0. It follows from the lemma to Theorem 2.1 in [5] 
that (g, g) + 0. We show that ($ 5?) is a Cauchy pair filter. Suppose that there exist 
F E 9 and G E 9 such that F n G = 0. Since (X, %) is equinormal, there exists V E (3 
such that V(F) n C? = $I There exist F, E 9 and G, E 9 such that F, c F, G, s G 
and F, x G, c V. It follows that G, c V(F,) c_ V(F). This contradiction establishes 
that $u g is a filter base. Since X is pair complete, %?+ p and so ??-+ p. 0 
3. (Strongly) D-complete spaces 
Definition [6]. A quasi-uniform space (X, %) is point (locally) symmetric provided 
that for each U E % and p E X there is a symmetric V E % such that V(p) C_ U(p) 
(V’(P)& U(P)). 
It is known [ll] that every regular equinormal quasi-uniform space is locally 
symmetric. 
Proposition 3.1. Every locally symmetric D-complete quasi-uniform space is strongly 
D-complete. 
Proof. Let (X, Q) be a locally symmetric D-complete space and let (9, 9) + 0. There 
is a p E X such that 9 converges to p. Without loss of generality we may assume 
that 9 is an ultrafilter. Suppose that p is not a cluster point of 9. Then there exists 
a V in Ou such that X - V(p) E 9. Let W be a symmetric entourage such that 
W’( P> s V(P). Then x - W’(p) E 9, and there exists (a, b) E 
[(X - W’(p)) x W(p)] n W. Note that a & W’(p) and yet b E W(p) and a E W(b). 
It follows that a E W’(p) and this contradiction establishes the proposition. 0 
Corollary 3.2. The concepts of D-completeness, strong D-completeness and pair com- 
pleteness coincide in a uniform space or in an equinormal uniformly regular quasi- 
uniform space. 
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Corollary 3.3. Every regular equinormal quasi-metric space is strongly D-complete. 
Proof. This is an immediate consequence of Proposition 3.1, [6, Corollary 3.91 and 
[6, Theorem 7.341 or [9, Proposition 61. 0 
Proposition 3.4. Every strongly D-complete Hausdorfl quasi-umform space is point 
symmetric. 
Proof. Let (X, 021) be a strongly D-complete space. Let U E % and x E X. In view 
of [6, Proposition 2.211 it suffices to find an entourage V such that V’(x) c U(x). 
If no such entourage exists, then {(X - U(x)) n V-‘(x): VE %} is a base for a filter 
ie. Let .N, be the neighborhood filter of x. Then (9, N,)+O. By hypothesis, ?I has 
a cluster point p and by [8, Theorem 31 Nx must converge to p. Hence x = p is a 
cluster point of 3; but x rZ X - U(x). 0 
Lemma 3.5. Let (X, “u) be a uniformly regular point-symmetric quasi-untform space, 
and let (9, 9) + 0. If 93 converges to p, then p is a cluster point of 9. 
Proof. From the proof of Lemma 2.1 it follows that 9 converges to p in Y(%-‘). 
Since Y( “11-l) is finer than F( “u), p is a .Y( %)-cluster point of R 0 
The following proposition is a consequence of [5, Theorem 2.11, but we give an 
alternative proof. 
Proposition 3.6. Every unformly regular strongly D-complete quasi-uniform space is 
quiet. 
Proof. Let (X, %) be a uniformly regular strongly D-complete space. Let U E Ou, 
let WE % such that W’G U and let VE % such that V’ E W and V(x) G W(x) for 
each x E X. We show that V is quiet for U. Suppose (9, 9) + 0, x, y E X, V(x) E FY 
and V’(y) E @. There is a point p such that 9 converges to p. By Lemma 3.5, p is 
a cluster point of 9 and so p E V-‘(y). Let q E V(p) n V-‘(y); then y E V’(p) c 
W(p). But p E V(x) G W(x); hence W(p) c W’(x) G U(x). 0 
Proposition 3.7. A untformly regular point-symmetric quasi-uniform space is D- 
complete if and only if it is strongly D-complete. 
Proof. Suppose (X, %) is a uniformly regular point-symmetric D-complete space, 
and suppose that (9, 9) + 0. There is a point p E X such that 9 converges to p. By 
Lemma 3.5, p is a F(q) cluster point of .YK 0 
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4. Examples 
We have previously noted that every strongly D-complete space is D-complete. 
We now indicate examples to show that no other relationships hold between any 
two of the three completeness properties under discussion. In light of Example 2.3 
all that is required is a D-complete space that is not strongly D-complete and a 
strongly D-complete space that is not pair complete. 
Let (X, “u) denote the Sorgenfrey line with quasi-uniformity Q defined by the 
usual quasi-metric. In [3] Doitchinov established that (X, “21) is a D-complete quiet 
space. It is easy to verify directly that (X, 021) is not strongly D-complete, but since 
021 is not point symmetric this fact also follows from Proposition 3.4. 
The first author and Lindgren established in [lo] that the closed unit interval I 
with the Pervin quasi-uniformity 9 is not pair complete. Evidently (1, 9) is strongly 
D-complete. 
We conclude this section by discussing a question, which is motivated by Corollary 
3.2. 
Question 4.1.’ Does there exist a natural class of quasi-uniform spaces containing 
all uniform spaces and all equinormal quiet spaces in which the concepts of 
D-completeness, strong D-completeness and pair completeness coincide? In par- 
ticular, do the locally symmetric quiet spaces comprise such a class? 
Our last example shows that the class of locally symmetric uniformly regular 
spaces does not suffice. 
Example 4.2. A pair-complete locally symmetric uniformly regular quasi-uniform space 
that is neither (strongly) D-complete nor quiet. Let X be the set of all nonzero real 
numbers, let J denote the irrationals and let FU be the set of positive integers. For 
each n EN let A,, = (0, l/n) and for each E > 0 let 
It is easy to verify that {I/,: e > 0} is a base for a transitive quasi-uniformity % on 
X whose topology is discrete. It is obvious that 021 is uniformly regular. 
To see that (X, %) is locally symmetric let p E X let E > 0 and choose n EN such 
that e/n < 1 pi. Then V,j,,( V,,,(p)) = V;j,,( p) = {p} c V,(p) and by [6, Proposition 
2.23(c)], Q is locally symmetric. Since oU* is the discrete uniformity, (X, %) is pair 
complete. 
(X, 02l)is not D-complete. Let 9 be the filter generated by {(-E, 0) n J: E > 0}, and 
let 9 be the filter generated by ((0, E) n J: E > 0). For each F > 0, [(--E, 0) n J] x 
(0,~) E V, and so (9, ‘9) + 0. Since n 9 = Id, 9 does not converge. 
’ The problems addressed in Question 4.1 have been resolved by J. Desk. [On the coincidence of 
some notions ofquasi-uniform completeness defined by filter pairs, Studia Sci. Math. Hungar., to appear.] 
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(X, Q) is nof quiet. Suppose that there is an E > 0 such that V, is quiet for V, . 
Letm~~andn~~satisfy~/m<~andI/n<~/m.Letx,=-l/nandletx,=~/m. 
Since Jn (--E, 0) c V;‘(xz), V;‘(xJ E 9; and since (0, l/n) G V,(x,), V,(x,) E $3. 
Since V, is quiet for V, it follows that X~E V,(x,) = (0, l/n) u {x,}. It follows that 
n/m < l/n. This is a contradiction. 
The authors thank the referee for his helpful suggestions. 
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